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B CHAPTER 1 5
COMPLEX NUMBERS

SECTION 1: SUM AND PRODUCTS

* Complex numbers can be defined as ordered pairs (x, y) of real numbers that are to be
interpreted as points in the complex plane, with rectangular coordinates X and y, just as
real numbers x are thought of as points on the real line.
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* When real numbers X are displayed as points (x, 0) on the real

axis, it is clear that the set of complex numbers includes the real
numbers as a subset.

* Complex numbers of the form (0, y) correspond to points on
the y axis and are called pure imaginary numbers when y # 0.

* The y axis is then referred to as the imaginary axis

* We denote a complex number (X, y) by z and write z = (x,y)
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e We denoted coniplex number (3, Y1) by 7
e,z — (06 Y)

® The real numbers x and y are known as the real part
and imaginary part of Z respectively; and we write

X = Rez,y = Imz




NOTES

* Two complex numbers z; and zZ, are equal whenever

they have the same real parts and the same imaginary
parts.

* The statement Z; = Z, means that z; and 2z,
correspond to the same point in the complex plane or
Z plane







The sum z; + z2 and product z)z> of two complex numbers
z1 = (x1,y1) and 2z = (x2, y2)
are defined as follows:
(3) (x1, y1) + (x2, y2) = (x1 + x2, y1 + y2),

(4) (x1, y1)(x2, y2) = (x1x2 — Y12, Y1X2 + X12).

Note that the operations defined by equations (3) and (4) become the usual operations
of addition and multiplication when restricted to the real numbers:

(x1,0) + (x2,0) = (x1 + x2, 0),
(x1, 0)(x2, 0) = (x1x2, 0).

The complex number system is, therefore, a natural extension of the real number
system.




° - Any complex number z = (x, y) can be written z = (x,0) + (0, y), and 1t 1s e
easy to see that (0, 1)(y, 0) = (0, y). Hence

z = (x, O) = (O, 1)()” 0),

and if we think of a real number as either x or (x,0) and let i denote the pure
imaginary number (0,1), as shown 1n Fig. 1, it 1s clear that*

(5) Z=Xx+1y.

Also, with the convention that z2 = zz, 73 = 7%z, etc., we have

i =(0,1)(0,1) = (=1,0),




®
Because (x, y) = x + iy, definitions (3) and (4) become

(7) (x1 + iyi) + @2+ iys) = (@1 + x2) +E(yi+ W),

(8) (x1 +iy1)(x2 +iy2) = (x1x2 — y1y2) + i(y1x2 + X1)2).




REMARK

* Any complex number times zero is zero.

* More precisely, z : @ = (¢ + iy)0 + i0)= O + i0 = 0

forany 7z = X + LY.




SECTION 2
BASIC ALGEBRAIC PROPERTIES

* Various properties of addition and multiplication of complex
numbers are the same as for real numbers. We list here the more
basic of these algebraic properties and verify some of them.

——
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LAWS OF ADDITION AND
MULTIPLICATION

(1) The commutative laws
2 8% = Z) 4 L% = % dy
(2) The associative laws
(% =2 =y =7 G w4 47 P =7 %) T
(3) The distributive law

Z(Z1 + 2Zy) =7z + 27, )

——
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PROOF

Let21 — (xl,yl) and N (xz»YZ)

Thenz; +2, = (X1 +x,v1 + V)
=(x; + %9 Y5 +95)
=2+ 2,

Hence commutativity of addition of complex numbers is proved.




NOTES

* According to the commutative law for multiplication,
Iy = vyi. Hence one can write Z = X + VyI instead of

Zo= xaly,

* Because of the assoctative laws a stim 2y & 2, & Z5 of 4
product z; Z, Z3 1s well defined without parentheses, as is
the case with real numbers.




IDENTITIES

* The additive identity in the complex number system is 0 = (0, 0)
such that z + 0 = z for every complex number Z.

* The multiplicative identity in the complex number system is
1 = (1,0) such thatz « 1 = Z for every complex number Z.

* 0 and 1 are the only complex numbers with these properties.

—— ——
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ADDITIVE INVERSE

* Associated with each complex number z = (x,y) there
exists an additive inverse =2z — (0, =), sdtistyine the
equationz == (=z) = 0

* Moreover, there is only one additive inverse for any given Z,
since the equation (x,y) + (u,v) = (0,0) implies that
W= —xand v .= 9

- —— ——
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MULTIPLICATIVE INVERSE

* For any nonzero complex number Zz = (X, Y), there is a number

z lsuchthatzz 1 =1

* To find z~1: We have to find real numbers u and v, expressed in
tetms of x and V. such that (&, v} (1, v) = (1 0)

e e = yu, Yk xu) = (L 0]
e Xl — yv.= iy &+ xpp =40

——
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By simple computation, we can find

Xy
_x2+y2’ _x2_|_y2'

u

So the multiplicative inverse of z = (x, y) is

(6) = (x2 - ) (z # 0).

The inverse z~1 is not defined when z = 0. In fact, z = 0 means that x? +

y* = 0; and this is not permitted in expression for z~*




RESULT 1: If a product z12z; is zero, then so
15 at least one of the factors Z; and Z,

Proof: Suppose that 2z, = 0and z; # 0.
Then z; ~Lexists.

Hence Loy =i, 1= Zy. (lel_l)

1.

-1 — S8
= (Z2:21)Z1 = =(21.232)z; ~ = 0.2

Similarly, z4Z, = 0andz, # 0 ==z, =0




That is, if zqz, = 0, either Z; = 0 or Z, = 0; or possibly
both of the numbers z; and z, are zeros.

Another way to state this result 1s that if two complex
numbers Z{ and Z, are nonzero, then so is their
pdellCt 217~




Subtraction and division are defined in terms of additive and multiplicative
INVETses:

(1) 721 — 22 = 21 + (—22),

(2) . 2z, (22 #0).
22

Thus, in view of expressions (5) and (6) in Sec. 2,

(3) z1 — 22 = (x1, ¥1) + (—x2, —y2) = (X1 — X2, Y1 — »2)

and

(4) L= ) ( = 2 ) — (-’Clxz + Y12 yix2 — x1yz)
2 ’ X3 +y3 x5+ y; 24+y: T x24y3

(22 #0)

when z; = (x1, y1) and 22 = (x2, y2).




®
Using z; = x1 +iy; and zo = x» + iy3, one can write expressions (3) and (4)
here as
() 21 — 22 = (x1 —x2) +i(y1 — »2)
and

21 Xty X2 — X

(6) = + (zo0 # 0).

22 x% + y% x% + y%

Although expression (6) 1s not easy to remember, 1t can be obtained by writing (see
Exercise 7)

zi (e +iy1)(xa —iy2)

7 — :
(7) 22 (2 +iy2)(x2 —iy2)




© EXERCISES

1. Verify that
(@ (V2 —i)—i(l —~/2i) = —2i; (b) (2,-3)(=2,1) = (-1, 8);

1 1
© 6. DG, —1)(5, E) _ 2.
. Show that

(a) Re(iz) = —Imz; (b) Im(iz) = Rez.

. Show that (1 +z)? = 1 + 2z + z%.
4. Verify that each of the two numbers z = | + i satisfies the equation z> — 2z + 2 = 0.

5. Prove that multiplication of complex numbers 1s commutative, as stated at the begin-
ning of Sec. 2.

. Verity

(a) the associative law for addition of complex numbers, stated at the beginning of
Sec. 2;

(b) the distributive law (3), Sec. 2.




. Use the associative law for addition and the distributive law to show that

z(z1 + 22 + 23) = zz1 + 222 + 223.

. (a) Write (x, y) + (u, v) = (x, y) and point out how it follows that the complex num-
ber 0 = (0, 0) is unique as an additive identity.

(b) Likewise, write (x, y)(u, v) = (x, y) and show that the number 1 = (1,0) 1s a
unique multiplicative identity.

. Use —1 =(—1,0) and z = (x, y) to show that (—1)z = —z.

. Usei =(0,1) and y = (y, 0) to verify that —(iy) = (—i)y. Thus show that the addi-

tive inverse of a complex number z = x + iy can be written —z = —x — iy without

ambiguity.

Solve the equation z2 +z 4 1 = 0 for z = (x, y) by writing

(x, y)(x,y) + (x, y) + (1,0) = (0,0)

and then solving a pair of simultaneous equations in x and y.
Suggestion: Use the fact that no real number x satisfies the given equation to

show that y #£ 0.
ELERY
2 2




SECTION 3: FURTHER PROPERTIES

* In this section, we mention a number of other algebraic
properties of addition and multiplication of complex
numbers that follow from the ones already described
multiplying out the products in the numerator and
denominator on the right, and then using the property

21t 22 _ _ _ 21 22
—(Zl‘l‘ZZ)Zgl=Z1231+2223l=—‘|—— (z3 #0).

Z3 {3 43

®
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EXAMPLE. The method is illustrated below:

4+ 4+i)2+3i) 54+ 14
2-3i (2-30)Q2+3i) 13




BASIC EQUATIONS

(1) 21— 22 =21+ (—22),

2) Loz (@ #A0).
2

Thus, in view of expressions (5) and (6) in Sec. 2,

(3) 71 — 22 = (x1, 1) + (—x2, —y2) = (x] — x2, y1 — y2)

and

4) — = (x1, y1)
22

?

Z1 ( X — )2 ) B (Jﬂxz +y1y2 yix2 — xl)’Z)

X3+y3 X543 54y, x5+

(22 #0)




1
(9) —=2z'  (22#0),
Z2

which 1s equation (2) when z; = 1. Relation (9) enables us, for instance, to write
equation (2) in the form

(10) a_ zl(i) (2 £ 0)

22 Z2

Also, by observing that (see Exercise 3)

(2122)(z] '3 ) = @iz7 Dz =1 (21 #0,20 #0),

and hence that zl_lzz_ L = (z1z2)~ !, one can use relation (9) to show that

1 1 1
(11) ( )=z;1z51=(z1z2)-1=— (z1 # 0,25 # 0).

Z1 22 2122




Another useful property, to be derived in the exercises, is
4 4 %
(12) (—1) (—2) =22 (53 #£0,24 £0).

<3 <4 1324

Finally, we note that the binomial formula involving real numbers remains
valid with complex numbers. That 1s, if z; and z, are any two nonzero complex
numbers, then

n

(13) 1+ 22)" = Z (:) gt i=1,2,...)
k=0

where

n n!

and where it 1s agreed that 0! = 1. The proof is left as an exercise.




EXERCISES

1. Reduce each of these quantities to a real number:

1+2i 2—i 5i
3—M+ 5i 7

(@) (b) (c) (1 =)

I-D2-0)G—10)

Ans. (a) =2/5; (b) —1/2; (c) —4.
2. Show that
1

1—/z=

3. Use the associative and commutative laws for multiplication to show that

Z (z #0).

(z122)(2324) = (z123)(2224).

4. Prove that if z1z0z3 = 0, then at least one of the three factors is zero.
Suggestion: Write (z1z2)z3 = 0 and use a similar result (Sec. 3) involving two

factors.




. Derive expression (6), Sec. 3, for the quotient z; /z> by the method described just after
it.

. With the aid of relations (10) and (11) 1n Sec. 3, derive the 1dentity

(2_1) (2_2) _ e (z3 #0,24 #0).
23 24 2324

. Use the identity obtained in Exercise 6 to derive the cancellation law

21z _ 2 (22 £ 0.2 % 0).

<23 22




® 8. Use mathematical induction to verify the binomial formula (13) in Sec. 3. More pre-
cisely, note that the formula is true when n = 1. Then, assuming that it is valid
when n = m where m denotes any positive integer, show that it must hold when
n=m-++ 1.
Suggestion. When n = m + 1, write

@1 +2)"" =@+ )@ +2)" =@+ 2) Z (I;:)

-5 (1) B (1)

and replace k by k — 1 in the last sum here to obtain

(z1 +22)" ! = Z;IH + Z I:(I;:) - (kT 1)] z?fz'z’”] k4 2.'1"“.
k=1

Finally, show how the right-hand side here becomes

m-+1
1 1
m—l—l n Z (m + ) J;Z;:H —k 4 Zm—l—l Z (m]-{l- )Zflcz?Jrl

k=0




THANK YOU
HAVE A NICE DAY

®
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